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UNIT-V:  TORSION OF CIRCULAR SHAFTS AND THIN CYLINDERS 

Members Subjected to Torsional Loads 

Torsion of circular shafts 

Definition of Torsion: Consider a shaft rigidly clamped at one end and twisted at the other end by a 
torque T = F.d applied in a plane perpendicular to the axis of the bar such a shaft is said to be in 

torsion. 

 

 

 

  

 

Effects of Torsion: The effects of a torsional load applied to a bar are 

(i) To impart an angular displacement of one end cross – section with respect to the other end. 

(ii) To setup shear stresses on any cross section of the bar perpendicular to its axis. 

GENERATION OF SHEAR STRESSES 

The physical understanding of the phenomena of setting up of shear stresses in a shaft subjected to a 

torsion may be understood from the figure 1-3. 

 

Fig 1: Here the cylindrical member or a shaft is in static equilibrium where T is the resultant external 

torque acting on the member. Let the member be imagined to be cut by some imaginary plane ‘mn'.  

� �̂u���Œ�š�Ì�Á�}�Œ�o���X���}�u � �̂u���Œ�š�Á�}�Œ�o���X���•�]��

�i�v�š�µ�Á�}�Œ�o���µ�‰�����š���•�X�}�Œ�P Specworld.in



136 

 

 

Fig 2: When the plane ‘mn' cuts remove the portion on R.H.S. and we get a fig 2. Now since the 

entire member is in equilibrium, therefore, each portion must be in equilibrium. Thus, the member is 

in equilibrium under the action of resultant external torque T and developed resisting Torque T r . 

 

Fig 3: The Figure shows that how the resisting torque Tr is developed. The resisting torque Tr is 

produced by virtue of an infinites mal shear forces acting on the plane perpendicular to the axis of the 

shaft. Obviously such shear forces would be developed by virtue of sheer stresses. 

Therefore we can say that when a particular member (say shaft in this case) is subjected to a torque, 
the result would be that on any element there will be shear stresses acting. While on other faces the 

complementary sheer forces come into picture. Thus, we can say that when a member is subjected to 

torque, an element of this member will be subjected to a state of pure shear. 

Shaft: The shafts are the machine elements which are used to transmit power in machines. 

Twisting Moment: The twisting moment for any section along the bar / shaft is defined to be the 

algebraic sum of the moments of the applied couples that lie to one side of the section under 

consideration. The choice of the side in any case is of course arbitrary. 

Shearing Strain: If a generator a – b is marked on the surface of the unloaded bar, then after the 

between the final and original positions of the generators is defined as the shearing strain at the 

surface of the bar or shaft. The same definition will hold at any interior point of the bar. 
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Modulus of Elasticity in shear: The ratio of the shear stress to the shear strain is called the modulus 

of elasticity in shear OR Modulus of Rigidity and in represented by the symbol  

Angle of Twist: If a shaft of length L is subjected to a constant twisting moment T along its length, 
than the angle through which one end of the bar will twist relative to the other is known is the angle of 

twist. 

 

 Despite the differences in the forms of loading, we see that there are number of similarities 

between bending and torsion, including for example, a linear variation of stresses and strain 

with position. 

In torsion the members are subjected to moments (couples) in planes normal to their axes. 

 For the purpose of desiging a circular shaft to withstand a given torque, we must develop an 

equation giving the relation between twisting moment, maximum shear stress produced, and a 

quantity representing the size and shape of the cross-sectional area of the shaft. 

Not all torsion problems, involve rotating machinery, however, for example some types of vehicle 

suspension system employ torsional springs. Indeed, even coil springs are really curved members in 

torsion as shown in figure. 

 

 Many torque carrying engineering members are cylindrical in shape. Examples are drive 

shafts, bolts and screw drivers. 

Simple Torsion Theory or Development of Torsion Formula : Here we are basically interested to 

derive an equation between the relevant parameters 
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Relationship in Torsion:  

1 st Term: It refers to applied loading ad a property of section, which in the instance is the polar 

second moment of area. 

2 nd Term: This refers to stress, and the stress increases as the distance from the axis increases. 

3 rd Term: it refers to the deformation and contains the terms modulus of rigidity & combined term  
which is equivalent to strain for the purpose of designing a circular shaft to with stand a given torque 

we must develop an equation giving the relation between Twisting moments max m shear stain 

produced and a quantity representing the size and shape of the cross – sectional area of the shaft. 

 

Refer to the figure shown above where a uniform circular shaft is subjected to a torque it can be 

shown that every section of the shaft is subjected to a state of pure shear, the moment of resistance 

developed by the shear stresses being every where equal to the magnitude, and opposite in sense, to 
the applied torque. For the purpose of deriving a simple theory to describe the behavior of shafts 

subjected to torque it is necessary make the following base assumptions. 

Assumption: 

(i) The materiel is homogenous i.e of uniform elastic properties exists throughout the material. 

(ii) The material is elastic, follows Hook's law, with shear stress proportional to shear strain. 

(iii) The stress does not exceed the elastic limit. 

(iv) The circular section remains circular 

(v) Cross section remain plane. 

(vi) Cross section rotate as if rigid i.e. every diameter rotates through the same angle. 
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Consider now the solid circular shaft of radius R subjected to a torque T at one end, the other end 
being fixed Under the action of this torque a radial line at the free end of the shaft twists through an 

angle  , point A moves to B, and AB subtends an angle ‘  ' at the fixed end. This is then the angle 

of distortion of the shaft i.e the shear strain. 

Since angle in radius = arc / Radius 

arc AB = Rθ 

                 = L  [since L and  also constitute the arc AB] 

Thus,  = Rθ / L      (1) 

From the definition of Modulus of rigidity or Modulus of elasticity in shear 

 

Stresses: Let us consider a small strip of radius r and thickness dr which is subjected to shear stress. 

 

The force set up on each element 
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= stress x area 

The total torque T on the section, will be the sum of all the contributions.  

Since 

equation (1). 

 

Where 

T = applied external Torque, which is constant over Length L; 

J = Polar moment of Inertia 

[ D = Outside diameter ; d = inside diameter ] 

G = Modules of rigidity (or Modulus of elasticity in shear) 

θ = It is the angle of twist in radians on a length L. 

Tensional Stiffness: The tensional stiffness k is defined as the torque per radius twist 
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Power Transmitted by a shaft : If T is the applied Torque and ωis the angular velocity of the shaft, 

then the power transmitted by the shaft is 

    

Distribution of shear stresses in circular Shafts subjected to torsion : 

The simple torsion equation is written as 

 

This states that the shearing stress varies directly as the distance ‘r' from the axis of the shaft and the 
following is the stress distribution in the plane of cross section and also the complementary shearing 

stresses in an axial plane. 

 

Hence the maximum strear stress occurs on the outer surface of the shaft where r = R 

The value of maximum shearing stress in the solid circular shaft can be determined as 

 

Power Transmitted by a shaft: 

In practical application, the diameter of the shaft must sometimes be calculated from the power which 

it is required to transmit. 

Given the power required to be transmitted, speed in rpm ‘N' Torque T, the formula connecting 
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These quantities can be derived as follows 

    

Torsional stiffness: The torsional stiffness k is defined as the torque per radian twist . 

 

For a ductile material, the plastic flow begins first in the outer surface. For a material which is weaker 

in shear longitudinally than transversely – for instance a wooden shaft, with the fibres parallel to axis 
the first cracks will be produced by the shearing stresses acting in the axial section and they will upper 

on the surface of the shaft in the longitudinal direction. 

In the case of a material which is weaker in tension than in shear. For instance a, circular shaft of cast 

iron or a cylindrical piece of chalk a crack along a helix inclined at 45
0
 to the axis of shaft often 

occurs. 

Explanation: This is because of the fact that the state of pure shear is equivalent to a state of stress 

tension in one direction and equal compression in perpendicular direction. 

A rectangular element cut from the outer layer of a twisted shaft with sides at 45
0
 to the axis will be 

subjected to such stresses, the tensile stresses shown will produce a helical crack mentioned. 

 

TORSION OF HOLLOW SHAFTS: 
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From the torsion of solid shafts of circular x – section , it is seen that only the material at the outer 
surface of the shaft can be stressed to the limit assigned as an allowable working stresses. All of the 

material within the shaft will work at a lower stress and is not being used to full capacity. Thus, in 

these cases where the weight reduction is important, it is advantageous to use hollow shafts. In 

discussing the torsion of hollow shafts the same assumptions will be made as in the case of a solid 
shaft. The general torsion equation as we have applied in the case of torsion of solid shaft will hold 

good 

 

Hence by examining the equation (1) and (2) it may be seen that the  max
m
 in the case of hollow shaft 

is 6.6% larger then in the case of a solid shaft having the same outside diameter. 

Reduction in weight: 

i = 1/2 Do 
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Hence the reduction in weight would be just 25%. 

Illustrative Examples : 

Problem 1 

A stepped solid circular shaft is built in at its ends and subjected to an externally applied torque. T0 at 

the shoulder as shown in the figure. Determine the angle of rotation 0 of the shoulder section where 

T0 is applied ? 

 

Solution: This is a statically indeterminate system because the shaft is built in at both ends. All that 

we can find from the statics is that the sum of two reactive torque TA and TB at the built – in ends of 

the shafts must be equal to the applied torque T0 

Thus     TA+ TB = T0                  ------   (1) 

[from static principles] 

Where TA ,TB are the reactive torque at the built in ends A and B. wheeras T0 is the applied torque 

From consideration of consistent deformation, we see that the angle of twist in each portion of the 

shaft must be same. 
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using the relation for angle of twist  

N.B: Assuming modulus of rigidity G to be same for the two portions 

So the defines the ratio of TA and TB 

So by solving (1) & (2) we get 

 

Non Uniform Torsion: The pure torsion refers to a torsion of a prismatic bar subjected to torques 

acting only at the ends. While the non uniform torsion differs from pure torsion in a sense that the bar 

/ shaft need not to be prismatic and the applied torques may vary along the length. 

 

Here the shaft is made up of two different segments of different diameters and having torques applied 

at several cross sections. Each region of the bar between the applied loads between changes in cross 
section is in pure torsion, hence the formula's derived earlier may be applied. Then form the internal 

torque, maximum shear stress and angle of rotation for each region can be calculated from the relation 

 

The total angle to twist of one end of the bar with respect to the other is obtained by summation using 

the formula 
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If either the torque or the cross section changes continuously along the axis of the bar, then 
the  (summation can be replaced by an integral sign ( ∫ ). i.e We will have to consider a differential 

element. 

 

After considering the differential element, we can write  

Substituting the expressions for Tx and Jx at a distance x from the end of the bar, and then integrating 

between the limits 0 to L, find the value of angle of twist may be determined. 

 

 

Members Subjected to Axisymmetric Loads 

Pressurized thin walled cylinder: 

Preamble : Pressure vessels are exceedingly important in industry. Normally two types of pressure 

vessel are used in common practice such as cylindrical pressure vessel and spherical pressure vessel. 

In the analysis of this walled cylinders subjected to internal pressures it is assumed that the radial 

plans remains radial and the wall thickness dose not change due to internal pressure. Although the 
internal pressure acting on the wall causes a local compressive stresses (equal to pressure) but its 

value is negligibly small as compared to other stresses & hence the sate of stress of an element of a 

thin walled pressure is considered a biaxial one. 

Further in the analysis of them walled cylinders, the weight of the fluid is considered neglible. 

Let us consider a long cylinder of circular cross - section with an internal radius of R 2 and a constant 

wall thickness‘t' as showing fig. 
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This cylinder is subjected to a difference of hydrostatic pressure of ‘p' between its inner and outer 
surfaces. In many cases, ‘p' between gage pressure within the cylinder, taking outside pressure to be 

ambient. 

By thin walled cylinder we mean that the thickness‘t' is very much smaller than the radius R i and we 

may quantify this by stating than the ratio t / Ri of thickness of radius should be less than 0.1. 

The small piece of the cylinder wall is shown in isolation, and stresses in respective direction have 

also been shown.   

Type of failure: 

Such a component fails in since when subjected to an excessively high internal pressure. While it 
might fail by bursting along a path following the circumference of the cylinder. Under normal 

circumstance it fails by circumstances it fails by bursting along a path parallel to the axis. This 

suggests that the hoop stress is significantly higher than the axial stress. 

In order to derive the expressions for various stresses we make following   

Applications : 

Liquid storage tanks and containers, water pipes, boilers, submarine hulls, and certain air plane 

components are common examples of thin walled cylinders and spheres, roof domes. 

ANALYSIS : In order to analyse the thin walled cylinders, let us make the following assumptions : 

•  There are no shear stresses acting in the wall. 

•  The longitudinal and hoop stresses do not vary through the wall. 

•  Radial stresses r which acts normal to the curved plane of the isolated element are neglibly small 

as compared to other two stresses especially when  

The state of tress for an element of a thin walled pressure vessel is considered to be biaxial, although 

the internal pressure acting normal to the wall causes a local compressive stress equal to the internal 

pressure, Actually a state of tri-axial stress exists on the inside of the vessel. However, for then walled 
pressure vessel the third stress is much smaller than the other two stresses and for this reason in can be 

neglected. 

Thin Cylinders Subjected to Internal Pressure: 
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When a thin – walled cylinder is subjected to internal pressure, three mutually perpendicular principal 

stresses will be set up in the cylinder materials, namely 

•  Circumferential or hoop stress 

•  The radial stress 

•  Longitudinal stress 

now let us define these stresses and determine the expressions for them 

Hoop or circumferential stress: 

This is the stress which is set up in resisting the bursting effect of the applied pressure and can be 

most conveniently treated by considering the equilibrium of the cylinder. 

 

In the figure we have shown a one half of the cylinder. This cylinder is subjected to an internal 

pressure p. 

i.e.         p = internal pressure 

d = inside diametre 

L = Length of the cylinder 

t  = thickness of the wall 

Total force on one half of the cylinder owing to the internal pressure 'p' 

= p x Projected Area 

= p x d x L 

= p .d. L                       -------  (1) 

The total resisting force owing to hoop stresses σH set up in the cylinder walls 

= 2 . σH  .L.t                 ---------(2) 
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Because  σH .L.t. is the force in the one wall of the half cylinder. 

the equations (1) & (2) we get 

   2 . σH  . L . t = p . d . L 

             σH  = (p . d) / 2t 

Circumferential or hoop Stress (σH ) = (p 

.d)/ 2t 

Longitudinal Stress: 

Consider now again the same figure and the vessel could be considered to have closed ends and 

contains a fluid under a gage pressure p.Then the walls of the cylinder will have a longitudinal stress 

as well as a ciccumferential stress. 

 

Total force on the end of the cylinder owing to internal pressure 

= pressure x area 

= p x Π /4 x d
2
 

Area of metal resisting this force =  

because  
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Change in Dimensions : 

The change in length of the cylinder may be determined from the longitudinal strain. 

Since whenever the cylinder will elongate in axial direction or longitudinal direction, this will also get 

decreased in diametre or the lateral strain will also take place. Therefore we will have to also take into 

consideration the lateral strain.as we know that the poisson's ratio (ν) is 

 

  

where the -ve sign emphasized that the change is negative 

Let E = Young's modulus of elasticity 
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Volumetric Strain or Change in the Internal Volume: 

When the thin cylinder is subjected to the internal pressure as we have already calculated that there is 

a change in the cylinder dimensions i.e, longitudinal strain and hoop strains come into picture. As a 

result of which there will be change in capacity of the cylinder or there is a change in the volume of 

the cylinder hence it becomes imperative to determine the change in volume or the volumetric strain. 

The capacity of a cylinder is defined as 

V = Area X Length 

= d
2
/4 x L 

Let there be a change in dimensions occurs, when the thin cylinder is subjected to an internal pressure. 

(i) The diameter d changes to  d +  d 

(ii) The length L changes to  L +  L 

Therefore, the change in volume = Final volume  Original volume 
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Therefore to find but the increase in capacity or volume, multiply the volumetric strain by original 

volume. 

Hence 

Change in Capacity / Volume       or 

 

Cylindrical Vessel with Hemispherical Ends: 

Let us now consider the vessel with hemispherical ends. The wall thickness of the cylindrical and 
hemispherical portion is different. While the internal diameter of both the portions is assumed to be 

equal 

Let the cylindrical vassal is subjected to an internal pressure p. 
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For the Cylindrical Portion 

 

For The Hemispherical Ends: 

 

Because of the symmetry of the sphere the stresses set up owing to internal pressure will be two 
mutually perpendicular hoops or circumferential stresses of equal values. Again the radial stresses are 

neglected in comparison to the hoop stresses as with this cylinder having thickness to diametre less 

than1:20. 

Consider the equilibrium of the half – sphere 

Force on half-sphere owing to internal pressure = pressure x projected Area 

= p. Πd
2
/4 
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Fig – shown the (by way of dotted lines) the tendency, for the cylindrical portion and the spherical 

ends to expand by a different amount under the action of internal pressure. So owing to difference in 

stress, the two portions (i.e. cylindrical and spherical ends) expand by a different amount. This 
incompatibly of deformations causes a local bending and sheering stresses in the neighborhood of the 

joint. Since there must be physical continuity between the ends and the cylindrical portion, for this 

reason, properly curved ends must be used for pressure vessels. 

Thus equating the two strains in order that there shall be no distortion of the junction 

 

But for general steel works ν = 0.3, therefore, the thickness ratios becomes 

 t2 / t1 = 0.7/1.7 or 

t1 = 2.4 t2 

i.e. the thickness of the cylinder walls must be approximately 2.4 times that of the hemispheroid ends 

for no distortion of the junction to occur. 

SUMMARY OF THE RESULTS : Let us summarise the derived results 

(A)  The stresses set up in the walls of a thin cylinder owing to an internal pressure p are : 

(i) Circumferential or loop stress 

H = pd/2t 

(ii) Longitudinal or axial stress 

L = pd/4t 

Where d is the internal diametre and t is the wall thickness of the cylinder. 

(B)  Change of internal volume of cylinder under pressure 

 

(C) Fro thin spheres circumferential or loop stress 
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Members Subjected to Combined Loads 

Combined Bending & Twisting : In some applications the shaft are simultaneously subjected to 
bending moment M and Torque T.The Bending moment comes on the shaft due to gravity or Inertia 

loads. So the stresses are set up due to bending moment and Torque. 

For design purposes it is necessary to find the principal stresses, maximum shear stress, which ever is 

used as a criterion of failure. 

From the simple bending theory equation  

If b is the maximum bending stresses due to bending. 

 

 

For the case of circular shafts ymax
m 

– equal to d/2 since y is the distance from the neutral axis. 

 

I is the moment of inertia for circular shafts 

I = Πd
4 
/64 

Hence then, the maximum bending stresses developed due to the application of bending moment M is 

 

From the torsion theory, the maximum shear stress on the surface of the shaft is given by the torsion 

equation 
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Where τ' is the shear stress at any radius r but when the maximum value is desired the value of r 

should be maximum and the value of r is maximum at r = d/2 

 

The nature of the shear stress distribution is shown below : 

 

This can now be treated as the two – dimensional stress system in which the loading in a vertical 

plane in zero i.e.  y = 0 and  x =  b and is shown below : 

 

Thus, the principle stresses may be obtained as 
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Equivalent Bending Moment : 

Now let us define the term the equivalent bending moment which acting alone, will produce the same 
maximum principal stress or bending stress.Let Me be the equivalent bending moment, then due to 

bending 

 

Equivalent Torque : 

At we here already proved that  1 and  2 for the combined bending and twisting case are expressed 

by the relations: 

 

where is defined as the equivalent torque, which acting alone would produce the same 

maximum shear stress as produced by the pure torsion 
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Thus,  

Composite shafts: (in series) 

If two or more shaft of different material, diameter or basic forms are connected together in such a 

way that each carries the same torque, then the shafts are said to be connected in series & the 

composite shaft so produced is therefore termed as series – connected. 

 

Here in this case the equilibrium of the shaft requires that the torque ‘T' be the same through out both 

the parts. 

In such cases the composite shaft strength is treated by considering each component shaft separately, 

applying the torsion – theory to each in turn. The composite shaft will therefore be as weak as its 
weakest component. If relative dimensions of the various parts are required then a solution is usually 

effected by equating the torque in each shaft e.g. for two shafts in series 

 

In some applications it is convenient to ensure that the angle of twist in each shaft are equal, so that 

for similar materials in each shaft  

Composite shaft parallel connection: If two or more shafts are rigidly fixed together such that the 

applied torque is shared between them then the composite shaft so formed is said to be connected in 

parallel. 

 

For parallel connection. 

Total Torque T = T1 + T2 

In this case the angle of twist for each portion are equal and  

for equal lengths(as is normaly the case for parallel shafts)  
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This type of configuration is statically indeterminate, because we do not know how the applied torque 
is apportioned to each segment, To deal such type of problem the procedure is exactly the same as we 

have discussed earlier, 

Thus two equations are obtained in terms of the torques in each part of the composite shaft and the 

maximun shear stress in each part can then be found from the relations. 

 

Combined bending, Torsion and Axial thrust: 

Sometimes, a shaft may be subjected to a combined bending, torsion and axial thrust. This type of 

situation arises in turbine propeller shaft 

If P = Thrust load 

 

Then σ d = P / A (stress due to thrust)  

where σd is the direct stress depending on the whether the steam is tensile on the whether the stress is 

tensile or compressive 

This type of problem may be analyzed as discussed in earlier case. 

Shaft couplings: In shaft couplings, the bolts fail in shear. In this case the torque capacity of the 

coupling may be determined in the following manner 

Assumptions: 

The shearing stress in any bolt is assumed to be uniform and is governed by the distance from its 

center to the centre of coupling. 
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Thus, the torque capacity of the coupling is given as  

where 

db = diameter of bolt 

n = no. of bolts 

r = distance from center of bolt to center of coupling 
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